Abstract: The application of loop shaping in H N control design through a dual-input power system stabiliser (PSS) in a benchmark power system model is demonstrated. The PSS stabilises two key system poles contributing to critical electromechanical oscillations involving turbine generators and electrical network. The IEEE First Benchmark Model has been considered in this study to demonstrate the effectiveness of the control. A linearised model of the system is pre-and post-compensated using loop-shaping approach. The problem of robust stabilisation of a normalised coprime factor plant description is formulated into a generalised H N problem and the solution is obtained analytically. The performance of the controller shows robustness to electromechanical modes, which were otherwise very poorly damped or undamped depending on operating conditions. The robustness is further validated in Simulink, including nonlinearities and device saturation limits.
Introduction
Power system stabilisers (PSSs) have been widely used in stabilising power systems, especially for post-fault damping to electromechanical oscillations [1, 2] . Modern robust control methodologies, like H N optimisations, have been used in recent years for designing stabilising controllers to address this issue [3, 4] . Fixed series capacitors have long been used in power systems as a cost-effective option for enhancing power transfer capability of HV transmission systems. However, series capacitance has caused shaft damage in multistage steam turbine systems on a couple of occasions through torsional oscillations of the turbine in a frequency range less than power frequency (50 or 60 Hz). This is known as subsynchronous resonance (SSR).
SSR is an electric power system condition in which the electric network exchanges energy with a turbine generator at one or more of the natural frequencies of the combined system below the subsynchronous frequency of the system [5] . These natural frequencies are popularly known as electromechanical modes in power system stability literature. Generator rotor oscillations at a torsional mode frequency, f m , induce armature voltage components at frequencies (f em ) given by
When the subsynchronous component f em is close to f er (electrical resonant frequency), the subsynchronous torques produced by subsynchronous voltage components can be sustained. This interplay between electrical and mechanical systems is termed as torsional oscillation [6] . The two shaft failures at Mohave generating station in western USA in December 1970 and October 1971 [6] were traced to torsional interactions (TI). Several countermeasures for damping SSR using static blocking filters, NGH damping, dynamic stabilisers and supplementary excitation damping controllers (SEDC) have been proposed over the years [6] . The present trend is to introduce thyristor controllers, such as thyristor controlled series capacitors (TCSC) and static synchronous series compensator (SSSC), to provide flexible and controlled series compensation. However, their higher costs make them a less attractive option and as a result usage of these advance devices in power systems is very few and far between. PSSs, so far have been deployed to dampen one mode, more commonly the local mode (1-2 Hz) that represents the electromechanical oscillations of the entire turbogenerator with respect to the electrical network. The PSSs basic function is to produce an electrical torque component in phase with the rotor speed variation and to add damping to the rotor oscillations by controlling its excitation through stabilising signal. It is equipped with torsional filter to prevent the PSS interacting with one or more of the torsional modes owing to the reduced gain margin of the PSS at torsional frequencies. In this paper, we damp both SSR and local modes by a single PSS, which has not been done so far. Speed input PSSs are generally added to excitation systems to enhance damping of the inertial modes of oscillations of turbine generators [7] , but it was also established that they can destabilise torsional modes [8] . Fouad and Khu [9] were successful in damping torsional oscillations using generator-speed-based PSSs but the disturbances considered were small and only one mode could be controlled. Lee et al. [10] proposed a new scheme for PSSs using deviation in generator speed and output power as input signals. In this paper, we have chosen this combination of input signals for designing the PSS.
The PSS controller is designed by a two-stage H N based design procedure, which uses a normalised coprime factor approach to robust stabilisation of the system. This is based on the Glover-McFarlane H N loopshaping design procedure. The design technique involves loop shaping of the nominal plant to shape its singular values to give desired open-loop properties at frequencies of high and low loop gain and the normalised coprime factor robust stabilisation technique to stabilise the shaped plant [11] . This approach has distinct advantages over the loop transfer recovery (LTR) method in linear quadratic Gaussian (LQG) design. LTR cannot systematically deal with plants with RHP zeros [12] and is limited in that it can only guarantee performance and robust stability properties at either plant input or plant output. The open-loop shaping of nominal plant is also advantageous over standard H N design. This is another approach to MIMO feedback controller design, in which the design is specified on closedloop objectives in terms of requirements on the singular values of weighted closed-loop transfer functions. This H N design procedure produces undesirable controllers whose zeros cancel all the stable plant poles, which is unacceptable when the plant contains lightly damped modes. The control problem after formulation is solved by the normalised coprime factored H N optimisation technique used in [13, 14] . The performance of the controller is tested on the IEEE FBM SSR model, which comprises a single generator connected to an infinite bus through a series-compensated transmission line. Eigenvalue analysis and time-domain simulations are performed to confirm that the proposed PSS can dampen SSR at high values of series compensation.
2 Power system study model
Description
The IEEE First Benchmark Model (FBM) [15] for SSR analysis considered in this study is shown in Fig. 1 . It consists of an 892.4 MVA synchronous generator connected to an infinite bus via a highly compensated 500 kV transmission line. The mechanical system consists of a four-stage turbine, the generator and a rotating exciter. The total system model can be derived by cascading the individual system models, which are explained in the next Sections.
Mechanical system model
The mechanical system model is that of a multistage pressure-compounded turbine generator system. This consists of rotors of generator (g), exciter (e), LPB, LPA, IP and HP turbine shafts (see Fig. 2 ). The torques between the shafts are indicated by subscripts. The notations and symbols are taken from [6] . The nonlinear differential equations of the turbine generator model can be written in compact form as:
These equations after linearising about an operating point are then expressed as:
where the state vector and output vectors are, respectively, given by: 
Synchronous machine model with excitation system
The generator equations are modelled with two windings on the rotor, Model (1.1), i.e. one field winding on the d-axis and one damper winding on the q-axis [6] . A rotating AC exciter with thyristor-controlled rectifier is considered for the excitation system. The signal V s from the designed PSS is the control input to the plant. The linearised electrical system (generator and excitation controller) equations are expressed as:
where parameter p circuit. The symmetric nature of the network facilitates its representation in terms of a and b components whose configurations have been discussed in [6] . The differential equations of the RLC network are written and after transforming to synchronous D-Q reference frame are given by:
Network model
where v CD , v CD ¼ fixed capacitor voltages in D-Q reference frame i D , i Q ; D-Q components of generator armature current and x C ¼ fixed series capacitive reactance, which is equal to the product of the series compensation level and the total external inductive reactance.
The linearised state equations and output equations of the network model are derived as:
where
Complete electrical system equations
Combining (4) and (6) gives the total electrical system model (synchronous machine, excitation system and network model). The equations are written as follows:
Combined system equations
Equations (3) and (7) can be combined to give the total state equations. DT e can be expressed as:
The final system equation, when expressed in compact form, is:
The objective is to design a PSS that would modulate exciter reference voltage through V s .
Eigenvalue analysis
The IEEE FBM for computer simulation of SSR is considered as the study system with the parameters of the model taken from [6, 15] . Eigenanalysis is performed to analyse the interaction between network and torsional modes. The network mode varies with the level of series compensation (see (5)). The FBM has five torsional modes near 16, 21, 25, 33 and 47 Hz. The degree of series compensation was varied in the range 0-90% to see the impact of the network mode on the torsional modes. It was found that the first four modes were unstable in the range of series compensation of 64-77%, 52-61%, 40-45% and 24-31%. Mode 5 was found to be unaffected. It is the exchange of energy between network and torsional modes that excites the modes through resonance. Practical power systems exhibit instability through resonances.
In the context of SSR, it is considered that the weak and strong resonances of the first order [16] are responsible for torsional instability. In the context of FBM system, for a compensation value very close to the inception of instability, a weak resonance condition exists. We have verified that the system matrix corresponding to that condition is diagonalisable (perfect decoupling), a mathematical condition for weak resonance. As series compensation is increased by a small amount, i.e., a perturbation is given around weak resonance, the system approaches a strong resonance point.
Strong resonance results when two identical pair of stable complex eigenvalues collide with each other because of variation in system operating parameters. The eigenvalues are infinitely sensitive to parametric variations. This results in, at the collision, a sharp 901 turn of the eigenvalues. One becomes unstable, through Hopf bifurcation and the other moves further left in the left-half eigenplane. At strong resonance the matrix is non-diagonalisable [16] . However, in practice, with one parameter variation such as series compensation level, the power system will not experience an exact strong resonance but will pass close to such a resonance and the qualitative effects would be similar, i.e. the eigenvalues will move quickly and change direction as they interact. This will lead to oscillatory instability condition. Even in the vicinity of strong resonance, the torsional and network modes are highly sensitive to parametric variation.
We have studied this phenomenon in the FBM model and results are shown in Fig. 3 . The eigenvalues and dampings of the torsional modes of the power system study model are shown in Table 1 . It is interesting to see that network mode becomes more stable as the torsional modes move to the right half plane. Physically this can be explained as a transfer of finite energy from the electrical network to the generator shaft, which appears as torsional force to various shaft sections.
H N based loop-shaping design approach
The objective of this approach, proposed by McFarlane and Glover [11, 13, 14, 17, 18] , is to incorporate the simple performance/robustness tradeoff obtained in loop shaping, with the normalised left coprime factor (LCF) robust stabilisation method as a means of guaranteeing closed-loop stability. The design technique is a two stage procedure: 1 the nominal plant singular values are shaped using simple loop shaping to give desired open-loop properties of desired high or low gain at frequencies of interest; 2 the shaped plant is robustly stabilised using the normalised LCF approach of H N optimisation. The normalised coprime factorisation is formulated into a generalised H N problem and solved by ncfsyn, available with m-Analysis and Synthesis Toolbox in Matlab [19] . This procedure is briefly outlined in the following section [17] .
Loop shaping
The loop-shaping design involves using a prefilter W 1 and/ or a postfilter W 2 such that the nominal plant singular values are shaped to give a desired open-loop shape. This approach is thus advantageous as it includes the performance considerations via loop shaping and still obtains an exact solution for the normalised LCF problem. The nominal plant G and the shaping filters W 1 and W 2 are combined to give the shaped plant, G s , where (Fig. 4) . The controller K is designed by solving the robust stabilisation problem for the shaped plant G s , as described later in the Section.
The pre-and post-filters are to be carefully designed based on the systematic procedure outlined in [20] . This involves:
The condition of the design problem is improved by scaling the plant inputs and outputs.
The pre-and post-filters are selected in such a way that the shaped plant has high gain at low frequencies, rolloff rates of approximately 20 dB/decade at desired bandwidths, with higher rates at high frequencies. Integral action is also added at low frequencies.
Robust stabilisation
The shaped plant G s in the previous stage is factored into left and right normalised coprime factors as G s (s) ¼ M
À1
(s)N(s) such that M(s) M*(s)+N(s)N*(s) ¼ I is satisfied. The block diagram for normalised coprime factor robust stabilisation problem is shown in Fig. 5 .
Any perturbation of G s (s) because of variation in operating conditions or unmodelled dynamics can also be expressed in the coprime factors symbolically as It has been shown by that the control design problem is to maximise the uncertainty measure ''or calculate e max such that G D can be stabilised by a single controller K, where
More e means that more uncertainty in G s is allowed and hence greater stability and performance margins is achieved. Mathematically, the control design is stated as minimising the cost function:
As M and N are normalised left coprime factors of G, the cost function can be written as:
where S ¼ (IÀGK) À1 is the sensitivity and S is the set of all stabilising controllers. Thus, the generalised H N problem for the normalised coprime factor H N robust stabilisation problem can be written as:
where S ¼ parametric perturbation of the plant; SG ¼ additive perturbation of the controller, KS ¼ additive perturbation of the plant; and KSG ¼ input multiplicative perturbation of the plant. Hence, minimising (12) maximises the amount of allowable perturbations with guaranteed stability.
The generalised regulator description of (12) is given by:
The state representation corresponding to the generalised plant P is given by:
can be obtained by solving the H N optimisation problem given in (12) . All along we have designed controller K for shaped plant G s ¼ W 2 GW 1 . Hence the shaping filters must be absorbed in K such that the actual controller K eq for G is K eq ¼ W 1 KW 2 (see Fig. 4 ). The stateÀspace representation of the controller is given by:
where x k , represents the controller states. u is the controller output that links with DV S in (9) . DS e and DP e are the perturbations of the plant outputs (y p ) S e and P e around the nominal operating point. 
The design in (12) is now made robust so that the plant tolerates as much H N coprime factor uncertainty as possible. This is done with the MATLAB's m-analysis toolbox using the command ncfsyn. This paper extends the methodology to dampen SSR modes and a local mode through a single PSS.
Dual-input PSS design
A two-input, one-output controller was designed to stabilise the torsional and local modes. The machine operates at full load power (P ¼ 1.0 pu) for a series capacitor compensation of 65%. Mechanical dampings are considered with excitation system parameters K A ¼ 200 and T A ¼ 0.025 s. Taking rotor speed and electric power as output variables of the power system and DVs of the PSS as the input to the system, the output equation can be written as:
Loop shaping: Inspection of the nominal plant (see Fig. 6) indicates that the open-loop cross-over frequency at C0.2 rad/s implies a very low closed-loop bandwidth. Hence high gain was added in the low-frequency range. Integral action is added by adding poles at zero radians per second so that the shaped plant has high gain at lower frequencies. The zeros are added at the required frequencies to ensure that at desired bandwidths the rolloff rate is approximately 20 dB/decade with higher rates at high frequencies. The post-filter W 2 is chosen as unity as W 1 itself provides all the shaping requirements needed. The pre-filter W 1 thus obtained is:
So, the shaped plant G s is of the form G s ¼ GW 1 . The resulting openÀloop gain is shown in Fig. 6 . The frequency response of the two outputs of the shaped plant is given in Fig. 7 . Robust stabilisation: A controller K N is synthesised for the nominal plant to achieve robust stability with an optimal stability margin of e ¼ 0.234 indicating that deterioration in the high-and low-frequency loop shapes is minimal, and acceptable robust stability properties in the crossover frequency region are expected.
The final controller is then obtained by cascading W 1 with K to form the final controller K eq .
The 'robustification' of this design, so that the shaped plant tolerates as much H N coprime factor uncertainty as possible, is done with the MATLAB's m-Analysis and Synthesis Toolbox [19] using the arguments of the function ncfsyn. This is the analytical method of obtaining the controller. The controller obtained from the loop shaping H N optimisation was of high order (23 states), which was reduced to 16th order by the Hankel norm approximation model reduction method. Even a 16th-order controller is quite large and any further reduction was seen to deteriorate the closed-loop damping performance of the system. The controller's singular value response is shown in Fig. 8 for both full order and reduced order. It is seen that the reduced order controller retains the frequency response characteristics. The system with the proposed PSS becomes stable as all the modes have positive and adequate damping. The proposed PSS has improved the damping of all the modes as shown in Table 2 .
Results and discussions
Eigenvalue analyses were performed on the FBM without and with the controller for a series compensation level of 65%. As seen from Table 1 , which gives the eigenvalues and dampings of torsional modes of the power system model, without PSS, mode 1 and the local mode have negative damping, indicating that the system is unstable. Table 2 shows the closed-loop eigenvalues and damping for electromechanical modes when the PSS is included into the control loop. This shows good damping experienced by the SSR mode 1 with the local mode shifted far deep into the left half eigenplane. Another interesting point to note is that the damping of all the electromechanical modes has considerably increased.
It is seen that the damping of mode 1 is improved significantly with little effect on modes 2-5. The controller was designed to focus on local mode and mode 1 only. It is mode 1 that is very critical, especially as the series compensation level normally ranges between 60 and 70% for maximum utilisation of transmission capacity. The frequencies of modes 2 to 4 are high, and although damping appears small, they are good enough to settle the oscillations of those frequencies within 5-10 s.
However, this is for a particular operating condition (the design was based on system operating at a power output of 1.0 p.u or real power at unity power factor). The power output of the generator is varied to examine the robustness of the controller. Variation in power output causes changes in initial operating values of the system, namely armature current, flux linkages, transient voltages etc., resulting in eigenvalues getting shifted to different locations. The results given in Table 3 show that the controller maintained adequate damping for a range of power outputs.
The nonlinear power system model was simulated using MATLAB's Simulink to investigate whether the proposed controller can effectively damp out the SSR modes. The system parameters are the same as in the eigenvalue analysis with all the system nonlinearities and component saturation incorporated in detail. All the independent models of the system have been modelled in Simulink. The system was tuned to excite the first torsional mode of oscillation and the local mode. The variables that have been plotted are: Di L : change in line current; DT e : change in electrical torque acting on generator rotor: DT hi : change in HP-LP The series-capacitor compensated system without the PSS controller at a compensation level of 65% was first simulated and the disturbance applied was a 20% increase in the input torque for 100 ms. The system response is unstable, as shown in Fig. 9 . It can be observed that the oscillations grow very quickly, leading to instability. The controller is now included in the system and time-domain simulations were carried out. As seen from Fig. 10 , the controller has been able to damp the SSR oscillations in about 10 s. Although the oscillations of the turbine torques still exist after the disturbance, they dampen out eventually with time. To validate the robustness of the controller, another disturbance of 2% decrease in infinite bus voltage, E b for 200 ms was applied to the system. The controller was successful in damping out the oscillations in about 5 s (see Fig. 11 ), thus demonstrating the robustness of the H N loop-shaping controller.
Conclusions
A dual-input PSS has been designed using GloverMcFarlane's H N loop-shaping procedure to mitigate the SSR and the power system local modes that may occur in a series compensated power system. Proper loop shaping weighting functions in the form of pre-and postcompensators have been selected to stabilise the SSR and local modes simultaneously. Our study considered IEEE FBM. The H N control design strategy on loop-shaping methods was set-up through loop-shaping methods and solved by ncfsyn available with m-Analysis and Synthesis Toolbox in Matlab. The performance robustness has been tested in both the frequency and time domain for a range of power outputs. Nonlinear simulations demonstrate the good damping performance of the controller. The controller has also improved the damping of all other electromechanical modes. 
